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Approaches to Regularize Estimates

Add o t ai t
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boundary (SVM)
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LASSO regularizer

Rid l iRidge regularizer

Stein estimation

Tie estimates together Hierarchical Bayes

Other Multi‐task Learning
2



Approaches to Regularize Estimates

Add o t ai t
k‐sparse

Add constraints
linear decision 

boundary (SVM)

Add prior
LASSO regularizer

Rid l iRidge regularizer

Stein estimation

Tie estimates together Hierarchical Bayes

Other Multi‐task Learning
3



Approaches to Regularize Estimates

Add o t ai t
k‐sparse

Add constraints
linear decision 

boundary (SVM)

Add prior
LASSO regularizer

Rid l iRidge regularizer

Stein estimation

Tie estimates together Hierarchical Bayes

Other Multi‐task Learning



Multi‐Task Learning
Goal: Estimate T functions ft(x; ¯t)Goal: Estimate T functions ft(x; ¯t)

Given: f(xti; yti)gnt
i=1 for t = 1; : : : ; T .

( )X1
f1(x1i;¯1)¡¡¡¡¡! Y1

. . ... .. ..

Xt
ft(xti;¯t)¡¡¡¡¡! Yt

...
...

...

X fT (xTi;¯T ) YXT ¡¡¡¡¡¡! YT ;
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Multi‐Task Learning
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i=1 for t = 1; : : : ; T .

( )X1
f1(x1i;¯1)¡¡¡¡¡! Y1

. . ... .. ..

Xt
ft(xti;¯t)¡¡¡¡¡! Yt

...
...

...

X fT (xTi;¯T ) YXT ¡¡¡¡¡¡! YT ;

regularize the inputs
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regularize the inputs
e.g. joint feature
selection



Multi‐Task Learning
Goal: Estimate T functions ft(x; ¯t)Goal: Estimate T functions ft(x; ¯t)

Given: f(xti; yti)gnt
i=1 for t = 1; : : : ; T .

( )X1
f1(x1i;¯1)¡¡¡¡¡! Y1

. . ... .. ..

Xt
ft(xti;¯t)¡¡¡¡¡! Yt

...
...

...

X fT (xTi;¯T ) YXT ¡¡¡¡¡¡! YT ;

l i th d l l ti
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e.g. jointly shrink the parameters



Multi‐Task Learning
Goal: Estimate T functions ft(x; ¯t)Goal: Estimate T functions ft(x; ¯t)

Given: f(xti; yti)gnt
i=1 for t = 1; : : : ; T .

( )X1
f1(x1i;¯1)¡¡¡¡¡! Y1

. . ... .. ..

Xt
ft(xti;¯t)¡¡¡¡¡! Yt

...
...

...

X fT (xTi;¯T ) YXT ¡¡¡¡¡¡! YT ;

regularize
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regularize
the outputs
(our focus)



Example: Parametric vs. Output MT Regularization

Li d l f ( ) ¯T i l f( )gLinear model: ft(x) = ¯T
t x, noisy samples f(xti; yti)g

Least-squares Fit:

arg min
f¯tgT

t=1

TX
t=1

NtX
i=1

¡
yti ¡ ¯T

t xti

¢2

sum
over
all
tasks

sum over

9
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Example: Parametric vs. Output MT Regularization

Li d l f ( ) ¯T i l f(

Least-squares Fit:

Linear model: ft(x) = ¯T
t x, noisy samples f(xti;yti)g

arg min
f¯tgT

t=1

TX
t=1

NtX
i=1

¡
yti ¡ ¯T

t xti

¢2

Parametric Regularizer:

+
PT

r=1

PT
s=1 Arsk¯r ¡ ¯sk2

2

(Ars is side info)
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Example: Parametric vs. Output MT Regularization

Li d l f ( ) ¯T i l f(

Least-squares Fit:

Linear model: ft(x) = ¯T
t x, noisy samples f(xti;yti)g

arg min
f¯tgT

t=1

TX
t=1

NtX
i=1

¡
yti ¡ ¯T

t xti

¢2

Parametric Regularizer:

+
PT

r=1

PT
s=1 Arsk¯r ¡ ¯sk2

2 (Ars and Arisj

are side info)

Output Regularizer:

+
PT

r=1

PT
s=1

Pnr

i=1

Pns

j=1 Arisjkfr(xri)¡ fs(xsj)k2
2

P
r 1

P
s 1

P
i 1

P
j 1 jk ( ) ( j)k2
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General: Parametric vs. Output Regularization

P t i MT R l i ti

arg min
TX NtX

L(yti ft(xti;¯t)) + °J(f¯ gT
1)

Parametric MT Regularization:

arg min
f¯tgT

t=1

X
t=1

X
i=1

L(yti; ft(xti;¯t)) + °J(f¯rgr=1):

loss
regularize
parameters

T N
Output-Regularized MT:

parameters

arg min
f¯tgT

t=1

TX
t=1

NtX
i=1

L(yti; ft(xti;¯t)) + °J(fffr(xrj; ¯r)gNr
j=1gT

r=1):

l i
12

loss
regularize
output values



General Parametric vs. Output Regularization

P t i MT R l i ti

arg min
TX NtX

L(yti ft(xti;¯t)) + °J(f¯ gT
1)

Parametric MT Regularization:

arg min
f¯tgT

t=1

X
t=1

X
i=1

L(yti; ft(xti;¯t)) + °J(f¯rgr=1):

loss
regularize
parameters

T N
Output-Regularized MT:

parameters

arg min
f¯tgT

t=1

TX
t=1

NtX
i=1

L(yti; ft(xti;¯t)) + °J(fffr(xrj; ¯r)gNr
j=1gT

r=1):

l i
13

loss
regularize
output values

Rest of this talk: Focus on a very simple case



Multi‐Task Averaging
Problem: estimate means f¹tg of T random variables Yt

Constant model: yti = ¹t + noise

Given: Nt IID samples fytigNt
i=1 from each Yt,

d T T t k i il it t i A

Constant model: yti ¹t + noise

and T £ T task-similarity matrix A.

y

¹1
¹3

¹Ty11

y21
y22

y24

y25

yT 3

Y1 Y2 Y3
::: YT

¹2y12 y23

y26

yT1

yT 2

Y1 Y2 Y3 YT



Multi‐Task Averaging
Problem: estimate means f¹tg of T random variables Yt

Constant model: yti = ¹t + noise

Given: Nt IID samples fytigNt
i=1 from each Yt,

d T T t k i il it t i A

Constant model: yti ¹t + noise

and T £ T task-similarity matrix A.

Single-task averaging - minimize total squared error:

y¤t = arg min
ŷt

NtX
i=1

(yti ¡ ŷt)
2
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Multi‐Task Averaging
Problem: estimate means f¹tg of T random variables Yt

Constant model: yti = ¹t + noise

Given: Nt IID samples fytigNt
i=1 from each Yt,

d T T t k i il it t i A

Constant model: yti ¹t + noise

and T £ T task-similarity matrix A.

Single-task averaging - minimize total squared error:

y¤t = arg min
ŷt

NtX
i=1

(yti ¡ ŷt)
2

T Nt T T

Multi-task averaging - regularize outputs:

fy¤t g = arg min
fŷtgT

t=1

X
t=1

X
i=1

(yti ¡ ŷt)
2 + °

X
r=1

X
s=1

Ars(ŷr ¡ ŷs)
2
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MTA Closed Form Solution

f ¤g i
TX NtX

( ^ )2

TX TX
A (^ ^ )2

Multi-task averaging - jointly estimate:

fy¤t g = arg min
fŷtgT

t=1

X
t=1

X
i=1

(yti ¡ ŷt)
2 + °

X
r=1

X
s=1

Ars(ŷr ¡ ŷs)
2

~yt =

PNt

i=1 yti

N + °
P

(A + A )¤ (I ~A) 1~

Closed-form solution:

Nt + °
P

s(Ats + Ast)

~Atr =
°(Atr + Art)

Nt + °
P

(Ats + Ast)

y¤ = (I ¡ A)¡1~y

Nt + °
P

s(Ats + Ast)

17



MTA Closed Form Solution

f ¤g i
TX NtX

( ^ )2

TX TX
A (^ ^ )2

Multi-task averaging - jointly estimate:

fy¤t g = arg min
fŷtgT

t=1

X
t=1

X
i=1

(yti ¡ ŷt)
2 + °

X
r=1

X
s=1

Ars(ŷr ¡ ŷs)
2

~yt =

PNt

i=1 yti

N + °
P

(A + A )¤ (I ~A) 1~

Closed-form solution:

Nt + °
P

s(Ats + Ast)

~Atr =
°(Atr + Art)

Nt + °
P

(Ats + Ast)

y¤ = (I ¡ A)¡1~y

Nt + °
P

s(Ats + Ast)
(I ¡ ~A)¡1 exists:
for T = 2;
or if A has

18

or if A has
non-negative entries
(su±cient, not-necess)



MTA Closed Form Solution

f ¤g i
TX NtX

( ^ )2

TX TX
A (^ ^ )2

Multi-task averaging - jointly estimate:

fy¤t g = arg min
fŷtgT

t=1

X
t=1

X
i=1

(yti ¡ ŷt)
2 + °

X
r=1

X
s=1

Ars(ŷr ¡ ŷs)
2

~yt =

PNt

i=1 yti

N + °
P

(A + A )¤ (I ~A) 1~

Closed-form solution:

Nt + °
P

s(Ats + Ast)

~Atr =
°(Atr + Art)

Nt + °
P

(Ats + Ast)

y¤ = (I ¡ A)¡1~y

S l dLi Nt + °
P

s(Ats + Ast)Scaled
sample
averages

Linear
combo of
sample

19
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MTA Closed Form Solution

f ¤g i
TX NtX

( ^ )2

TX TX
A (^ ^ )2

Multi-task averaging - jointly estimate:

fy¤t g = arg min
fŷtgT

t=1

X
t=1

X
i=1

(yti ¡ ŷt)
2 + °

X
r=1

X
s=1

Ars(ŷr ¡ ŷs)
2

~yt =

PNt

i=1 yti

N + °
P

(A + A )¤ (I ~A) 1~

Closed-form solution:

Nt + °
P

s(Ats + Ast)

~Atr =
°(Atr + Art)

Nt + °
P

(Ats + Ast)

y¤ = (I ¡ A)¡1~y

S l dTheorem: Nt + °
P

s(Ats + Ast)Scaled
sample
averages

Theorem:
convex
combo of

l

20

sample
averages

Key: If all yti 2 C , then y¤ 2 C .



Analysis: Symmetric two‐task case
T = 2 with N samples per task
Y1, Y2 both have variance ¾2,

¹

¹2

Y Y

¹1

Y1 Y2

21



Analysis: Symmetric two‐task case
T = 2 with N samples per task
Y1, Y2 both have variance ¾2,

¹

¹2

MTA estimate:

Y ¤
1 =

μ
N + A12

¶
¹Y1 +

μ
A12

¶
¹Y2 Y Y

¹1

Y1

μ
N + 2A12

¶
Y1 +

μ
N + 2A12

¶
Y2

Biased, but smaller variance than sample averages.

Y1 Y2
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Analysis: Symmetric two‐task case
T = 2 with N samples per task
Y1, Y2 both have variance ¾2,

¹

¹2

MTA estimate:

Y Y

¹1

Y ¤
1 =

μ
N + A12

¶
¹Y1 +

μ
A12

¶
¹Y2

Biased, but smaller variance than sample averages.

Y1 Y2
Y1

μ
N + 2A12

¶
Y1 +

μ
N + 2A12

¶
Y2

MSE[Y ¤
1 ] < MSE[ ¹Y1] if (¹1 ¡ ¹2)

2 < 2¾2

μ
1

N
+

1

A12

¶
MTA better than sample averages if:

means close compared to variance

23

fewer samples N

you don't regularize too hard (small A12)



Analysis: Symmetric two‐task case
What should the task-similarity matrix values A mean?

Example:p

Task 2:
Task 1:
Estimate
average movie

Task 2:
Estimate
mean age
f kid

24

average movie
ticket price

of kids at
summer camp



Analysis: Symmetric two‐task case
What should the task-similarity matrix values A mean?

Example:p

Answer: the optimal task similarity in terms of MSE:

25

A¤
12 = ¾2

(¹1¡¹2)2



Analysis: Asymmetric Two‐task Case

N1 samples, ¾2
1 N2 samples, ¾2

2

26



Analysis: Asymmetric Two‐task Case

N1 samples, ¾2
1 N2 samples, ¾2

2

Optimal Task-Similarity to Minimize MSE For Task 1:

A¤
12 =

¾2
1

¢2 ¡ ¾2
1+¾2

2

N2N2
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Analysis: Asymmetric Two‐task Case

N1 samples, ¾2
1 N2 samples, ¾2

2

Optimal Task-Similarity to Minimize MSE For Task 1:

A¤
12 =

¾2
1

¢2 ¡ ¾2
1+¾2

2

N2

Optimal Task-Similarity to Minimize MSE For Both Tasks:

N2

A¤
12 =

N2
2¾2

1 + N2
1 ¾2

2

¢2(N2
1 + N2

2 ) + ¾2
1(N1 ¡N2) + ¾2

2(N2 ¡N1)( 1 + 2 ) + 1( 1 2) + 2( 2 1)

28



Asymmetric Two‐Task Case Simulation

Y1 » N (0; 1)1 N ( ; )

N1 = 5

Y2 » N (¹2; :2)

N2 = 10

Y
Y2

Y1

29

¹20 ¹2



Asymmetric Two‐Task Case Simulation

Y1 » N (0; 1)1 N ( ; )

N1 = 5

Y2 » N (¹2; :2)

N2 = 10 50%
win

Y
Y2

win

Y1

30

¹20 :4



Asymmetric Two‐Task Case Simulation

Y1 » N (0; 1)1 N ( ; )

N1 = 5

Y2 » N (¹2; :2)

N2 = 10

Still a win
at ¹2 = 3

Y
Y2

Y1

31

¹20 3



Analysis: Asymmetric Two‐task Case

N1 samples, ¾2
1 N2 samples, ¾2

2

Optimal Task-Similarity to Minimize MSE For Task 1:

A¤
12 =

¾2
1

(¹1 ¡ ¹2)2 ¡ ¾2
1+¾2

2

N2

Optimal
task similarity
can be

Optimal Task-Similarity to Minimize MSE For Both Tasks:

N2 can be
negative!

A¤
12 =

N2
2¾2

1 + N2
1 ¾2

2

(¹1 ¡ ¹2)2(N 2
1 + N2

2 ) + ¾2
1(N1 ¡N2) + ¾2

2(N2 ¡N1)(¹1 ¹2) ( 1 + 2 ) + 1( 1 2) + 2( 2 1)

32



Optimal Similarity Examples
N2 2 + N2 2

A¤
12 =

N2
2¾2

1 + N2
1 ¾2

2

(¹1 ¡ ¹2)2(N 2
1 + N2

2 ) + ¾2
1(N1 ¡N2) + ¾2

2(N2 ¡N1)

2¾2
1 = 1

¾2
2 = 5

N 10N2 = 10
x: ¹1 ¡ ¹2 = .29

o: ¹1 ¹2 = 28o: ¹1 ¡ ¹2 = .28

33N1



MTA Applied to Kernel Density Estimation

KDE: Given that events fxig happened,
estimate the probability of event z as

p̂(z) = °
PN

i=1 K(xi; z)

x1

x3 x2
3

x5

z

x4

x5

34
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KDE: Given that events fxig happened,
estimate the probability of event z as

p̂(z) = °
PN

i=1 K(xi; z)

x3

x1

3 x2

x5

z

x4

x5
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MTA Applied to Kernel Density Estimation

KDE: Given that events fxig happened,
estimate the probability of event z as

p̂(z) = °
PN

i=1 K(xi; z)

Equivalently,q y,

argmin

NX
(K(xi; z)¡ ŷ(z))2g

ŷ(z)

X
i=1

( ( i; ) y( ))

36



MTA Applied to Kernel Density Estimation

KDE: Given that events fxig happened,
estimate the probability of event z as

p̂(z) = °
PN

i=1 K(xi; z)

Equivalently,q y,

argmin

NX
(K(xi; z)¡ ŷ(z))2g

ŷ(z)

X
i=1

( ( i; ) y( ))

Use MTA to form a Multi-task KDE:

arg min

TX NtX
(K (x z ) ŷ (z ))2 +°

TX TX
A (ŷ (z ) ŷ (z ))2

37

arg min
fŷt(zt)gT

t=1

X
t=1

X
i=1

(Kt(xti; zt)¡yt(zt)) +°
X
r=1

X
s=1

Ars (yr(zr)¡ys(zs))



MT‐KDE for Terrorism Risk Assessment
(in collaboration with NRL)

Problem: Estimate the probability of terrorist events
by each of T = 7 terrorist groups for 40,000 locations in Jerusalem,y g p , ,
each location mapped to a 74 dimensional feature vector.

Task similarity matrix from Mohammed Hafez:

38



MT‐KDE for Terrorism Risk Assessment
(in collaboration with NRL)

Average Rank of Left Out EventAverage Rank of Left-Out Event

Suicide Bombings Bombings Shootings
KDE 308 6 512 11 160

39

KDE 308 6,512 11,160
MT-KDE 88 900 4,752



MTA Averaging
Simple, provably good.

Applicable for any smoothing/averaging.

Works great in practice.



MTA Averaging
Simple, provably good.

Applicable for any smoothing/averaging.

Works great in practice. X1
f1(x1i;¯1)¡¡¡¡¡! Y1

.. .. ..

Can we do more complicated MT-OSR?

. . .

Xt
ft(xti;¯t)¡¡¡¡¡! Yt

...
...

.... . .

XT
fT (xTi;¯T )¡¡¡¡¡¡! YT ;



MTA Averaging
Simple, provably good.

Applicable for any smoothing/averaging.

Works great in practice. X1
f1(x1i;¯1)¡¡¡¡¡! Y1

.. .. ..

Can we do more complicated MT-OSR?

. . .

Xt
ft(xti;¯t)¡¡¡¡¡! Yt

...
...

...

Multi-task Local Linear Regression:

. . .

XT
fT (xTi;¯T )¡¡¡¡¡¡! YT ;
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Multi‐Task Local Linear Regression

Linear model: ft(x) = ¯T
t x + ¯t0

Tasks: the tth neighborhood is the tth task.

T Nt

arg min
¯

TX
t=1

NtX
i=1

(yti ¡ ¯T
t xti ¡ ¯t0)

2

T Tikhonov regularizer

Objective:

+ ¸

TX
t=1

(¯t ¡ ¯G)T (¯t ¡ ¯G)

Output Space Regularizer

Tikhonov regularizer

+
°

2

TX
r;s=1

Ars(fr(zr)¡ fs(zs))
2

Output Space Regularizer

43



MT‐LLR Closed Form SolutionMT LLR Closed Form Solution
B̂¤ = (XXT + °ZLZT + ¸I)¡1(XY T ¡XBT

0 ¡ °ZL¯T
0 + ¸BG)1( + ° + ¸ ) ( 0 ° ¯0 + ¸ G)

44



MT‐LLRApplication: Color ManagementMT LLR Application: Color Management

Problem: Estimate what RGB color should be input to a
printer to best reproduce a desired CIELab color for CLP300printer to best reproduce a desired CIELab color for CLP300
and HP D760 printers.

k G l f h h d hTasks: RGB value estimation for the tth gridpoint in the
color lattice. TCLP = 611 and THP = 756.

R lResults:

Mean Error Mean Roughness
LLR w/ Tikh Reg 3 07 18 25LLR w/ Tikh. Reg. 3.07 18.25
LLR w/ Tikh. Reg + OSR 3.06 16.25

45

same error smoother
results



Conclusions
Regularize outputs across task: X1

f1(x1i;¯1)¡¡¡¡¡! Y1

.. .. ... . .

Xt
ft(xti;¯t)¡¡¡¡¡! Yt

...
...

...

XT
fT (xTi;¯T )¡¡¡¡¡¡! YT ;
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Conclusions
Regularize outputs across task: X1

f1(x1i;¯1)¡¡¡¡¡! Y1

.. .. ... . .

Xt
ft(xti;¯t)¡¡¡¡¡! Yt

...
...

...

XT
fT (xTi;¯T )¡¡¡¡¡¡! YT ;

P bl d (MTA) f l i ti (MTA MTLLR)Provably good (MTA), useful in practice (MTA, MTLLR).
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Conclusions
Regularize outputs across task: X1

f1(x1i;¯1)¡¡¡¡¡! Y1

.. .. ... . .

Xt
ft(xti;¯t)¡¡¡¡¡! Yt

...
...

...

XT
fT (xTi;¯T )¡¡¡¡¡¡! YT ;

P bl d (MTA) f l i ti (MTA MTLLR)

Output Space Regularization is °exible: input space/functions

Provably good (MTA), useful in practice (MTA, MTLLR).

Output Space Regularization is °exible: input space/functions
don't need to be the same. Only requires outputs to be comparable.
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Conclusions
Regularize outputs across task: X1

f1(x1i;¯1)¡¡¡¡¡! Y1

.. .. ... . .

Xt
ft(xti;¯t)¡¡¡¡¡! Yt

...
...

...

XT
fT (xTi;¯T )¡¡¡¡¡¡! YT ;

P bl d (MTA) f l i ti (MTA MTLLR)

Output Space Regularization is °exible: input space/functions

Provably good (MTA), useful in practice (MTA, MTLLR).

Output Space Regularization is °exible: input space/functions
don't need to be the same. Only requires outputs to be comparable.

49

Paper available at arxiv.org/abs/1107.4390



Like manifold regularization but 
for multiple tasksfor multiple tasks

Belkin et al 's Laplacian-regularized least squares objective:Belkin et al. s Laplacian regularized least squares objective:

arg min
f2H

PN
i=1(yi ¡ f(xi))

2 + ¸jjf jj2H + °
PN+M

i;j=1 Aij(f(xi)¡ f(xj))
2

(Function regularizer
i RKHS H)

Regularizes function
outputs of a SINGLE taskin RKHS H) outputs of a SINGLE task

In the multi-task case, we don't have a notion of manifold

50



Bayesian Analysis

This regularization doesn't correspond to a nice prior.

51



Bayesian Analysis

Assuming di®erences are independent:

^ ^

p(ŷ) /
TY

r=1

TY
s=1

e¡°Ars(ŷr¡ŷs)2

Ŷ1 ¡ Ŷ2 » N (0; 1=2°A12)

Ŷ2 ¡ Ŷ3 » N (0; 1=2°A23)

^ ^

for T = 3

r=1 s=1
Ŷ1 ¡ Ŷ3 » N (0; 1=2°A13)

Ŷ Ŷ (Ŷ Ŷ ) + (Ŷ Ŷ )
1 1

+
1

Y1 ¡ Y3 = (Y1 ¡ Y2) + (Y2 ¡ Y3) !
A13

=
A12

+
A23

Ŷ1 ¡ Ŷ2 = (Ŷ1 ¡ Ŷ3) + (Ŷ3 ¡ Ŷ2) !
1

A
=

1

A
+

1

A
( ) ( )

A12 A13 A32

Ŷ2 ¡ Ŷ3 = (Ŷ2 ¡ Ŷ1) + (Ŷ1 ¡ Ŷ3) !
1

A23
=

1

A21
+

1

A13

Impossible to satisfy all RHS with any ¯nite A!
52



Multi‐Task Additive Regularizers
Goal: Estimate T functions ft(x; ¯t)Goal: Estimate T functions ft(x; ¯t)

St d d lti t k l i th t

Given: f(xti; yti)gnt
i=1 for t = 1; : : : ; T .

arg min
f¯ gT

TX NtX
L(yti; ft(xti;¯t)) + °J(f¯rgT

r=1):

Standard multi-task: regularize the parameters:

f¯tgT
t=1

X
t=1

X
i=1

loss (empirical risk)

Example: Linear model ft(x) = ¯T
t x (Evgeniou et al. 2004)

arg min
f¯tgT

t=1

TX
t=1

NtX
i=1

¡
yti ¡ ¯T

t xi

¢2
+ °

TX
r=1

k¯r ¡
1

T

TX
s=1

¯sk2
2

least-squares ¯t
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