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Overview

> Interested in fast algorithms for solving:
miny, scamer{IX |l + €SIl : [1X +S = D|lr <3},
for a given data matrix D € R™*" and noise parameter §.

» Why?
Many applications requires decomposing noisy D into
low-rank and sparse components:
-Video survellience

-Face recognition

-Ranking and collaborative filtering
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Low Rank Matrix Completion

min {[IX1|. : Xj = Dy (i.J) € 2}
Unknown data matrix: D € R"*", rank(D) =r < n

Observations: Dj; for all (i, /) € Q
Q| = O(n'2rlog(n)) < n?.
With high probability, unique optimal solution X* = D

v

v

v

Applications: Netflix problem, Sensor Localization

v
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Robust Principal Component Analysis

Principal Component Pursuit:

L in {IX] + llvee(S)lh - X +5 =D}

Data matrix: D € R™" D=X+S§
rank(X) < n, ||S]lo < n?

With high probability, unique optimal solution
(X*v 5*) = (X7S)

Applications: Video surveillance, Ranking, Face recognition

v

v

v

v
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Stable Principal Component Pursuit (SPCP)

[ X« Slli: [X+S—=D|F<é
i {IXI+€lSh X+ S~ Dllr < 6}

v

Data matrixx D e R™", D =X +S+¢
¢ i.i.d. noise matrix, ||C||r <0
rank(X) < min{m, n}, ||S|lo < mn

With high probability, unique optimal solution (X*,S%)
satisfies: || X* — X|[|2 + ||S* — 5|2 < Cmnd?

Applications: Video surveillance, Ranking, Face recognition

v

v

v

v
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Videos with different levels of noise
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SDP Formulation of SPCP

Stable Principal Component Pursuit is an SDP,

minx segmx<n || X[l + &[[S]|1
s.t. IX+S—Dlp <3

)

minx swiws & (TH(WA) + Tr(Wa)) + (E, Sy + S_)
5.1. [X+S+ =S —D|r<é
Wi X
[ XT W ] =0
S.>0,5 >0
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Only specialized algorithm: ASALM by Tao and Yuan.

» ASALM does alternating minimizations in X, S, Z directions
on the augmented Lagrangian of

minxerman{ [ X[l + &[Sl : X+ 5+ 2 =D, |[Z|F <}
> ASALM iterates are not feasible
» ASALM converges to an optimal solution
» Complexity of ASALM is not known

Fact: There is no specialized algorithm for SPCP with a known
iteration complexity bound.

Question: Can one achieve work/iteration o one gradient
computation with existing first-order algorithms that have low
iteration complexities?
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Nesterov's Fast Gradient Algorithms

Problem: min,cq p(x) + f(x), where p, f are closed convex
functions, Q is a closed convex set and Vf is L-Lipschitz
continuous.

PROXIMAL GRADIENT ALGORITHM (xp)

1: while (k > 0) do

20y argminge g p(x) + F(x) + (VF(xi), x = xi0) + 5]1x — xl[3

3z argmingeg £lx — xoll3 + 1o Bp(x) + F(xi) + (VF(x:), x = x)]
4: Xk+1 $— %%zk + %yk
5 k< k+1
6: end while

Let x* = argmin,co{p(x) + f(x)}. Then for all k > M

we have p(yx) + f(yk) < p(x*) + f(x*) + €.
(Analogous result for FISTA)

Per iteration complexity depends on the complexity of projection
onto Q and computing V£ (x).
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First-Order Algorithms

.(X) = max{(X, U) — B[ U : U] <1},
£,(5) == max{(S, W) — 5[ W[2 : W] < 1}.

» Nesterov’s algorithm:
minx,s{f.(X) +&g.(S) : (X,S) € x}
If o =v = Q(e), then e-optimal in O(1/¢) iterations
» FISTA:
minx s {£,(X) +£[IS]l1: (X, 5) € x}
If 1= Q(e), then e-optimal in O(1/¢) iterations
» FALM-S algorithm with partial splitting:
minx z s{f.(X)+&||Sl1: X=2, (Z,5) € x}
If o =Q(e), then e-optimal in O(1/e) iterations

Complexity of solving subproblems?
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Efficient Solution of Subproblems

Key Lemma:
x =1{(X,S) e R™" x R™": |IX+S— Dl <o}

(1) = min{S=3IZ+ X - X2 (X,5) € x}.

() min{elSlh + 51X = X|Z: (X, 5) € x}.

Optimal solutions of (/) and (/) can be computed in O(mn) and
O(mn log(mn)), respectively.

Solutions if (I) or (I) are needed depending on whether Nesterov,
FISTA or FALM-S is used.
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Euclidean Projection onto y in O(mn) :
Let (X, 5%) = argminy s {15 — ]2 + X ~ X2 (X.5) € x}

When § > 0,
-~ 146
D -
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¢1-Euclidean Projection onto x in O(mnlog(mn)) :

Let (X*,57) = argming s {¢]S] + X ~ X|2: (X,S) € x}

When § > 0,
5*:sign<D—)~<)®max{|D—)~(| (p+9)E 0}
pO*
0 0 o
X* = D - S* X
0, ‘D_;(HFS(S;
»71(5), otherwise.

where ¢(6) = || min {g E, 25 1D~ X|} |lr and dom(s) = R
When § =0,

S* = sign (D - q()N()) ©) max{\D —q(X)| —i E, 0},
X*=D-S§".
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Non-Smooth Augmented Lagrangian (NSA) algorithm

Split X and apply alt. direction augmented Lagrangian method to

Equivalent problem:
minx s z{[|X[[« + &[Sl - X =2, (Z,5) € x}

NSA ALGORITHM (Xo, So)
1: while (k > 0) do
20 Xisa <= minx{ [ X[« + (Yi, X = Zi) + 51X — Ze||#}
3: (Zkt1, Si+1)
argming s {€[|S|l + (Yi, X1 — Z) + 5[ Xers — Z|[ : (Z,5) € x}
4 Yir1 < Y+ pi(Xirr — Zis1)
5: Choose piy1 such that prr1 > pi
6: k+ k+1
7: end while
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NSA convergence result

Theorem: Let { X, Zx, Sk, Y« }kez, be the sequence produced by
Algorithm NSA and let (X*, S*) be a solution to SPCP.

(i) If ez, o = 00, then Xy — X*, Z = X*, S — S*.

(i) 1f Yz, % = oo and ||D — X*||g # 4, then Y) — Y*
k

(optimal Lagrangian multiplier).
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Experimental Setup

Data Matrix: D =X+ S5 +¢,

(i) X = UVT, where U € R™", V € RM*r
Uj ~ N(0,1), Vjj ~ N(0,1) for all i,

(i) A {(i,j):i,j=1,...,n}, |A| = p chosen randomly
(iii) S; ~ U[-100,100] for all (i,j) € A

(iv) ¢j ~oN(0,1) forall i,j
Create 10 random D € R"™" s.t. r = c,n, p = c,n>.

» n € {500,1000, 1500, 2000}

» ¢, €{0.05, 0.1}

» ¢, € {0.05, 0.1}

»o=10"3
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Numerical Results for NSA

Table: Average # svd/cpu(sec) for decomposing D = X + 5 + ¢

c, = 0.05 ¢ =01
cp, = 0.05 cp=0.1 cp =0.05 cp=0.1
n # svd /cpu | # svd /cpu | # svd/cpu | # svd/cpu
500 11/5.7 11.0/64 12.2/65 13/6.9
1000 | 11.8/21.7 12.7/24 13/31.4 | 14.1/361
1500 | 12.8/5456 12.9/52.2 147951 15/100.4
2000 | 12.9/1157 | 13/1143 14/206.6 | 15/223.90
The solution accuracy:
X' —X|| 5 —5 |5*=5]|r -5
IXllF I511F
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Figure: D € R™" n=1500, 0 =1 x 103, SNR ~ 80dB
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Figure: D € R™" n=1500, 0 =1 x 107!, SNR ~ 40dB
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Numerical Results: NSA vs A

Average # svd for decomposing D = X +5 + ¢, n=1500, o = 1 x 10~3, SNR ~ 80dB
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Experiment Setting
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Numerical Results: NSA vs ASALM

Average CPU (sec) for decomposing D = X + 5 +¢, n = 1500, 0 = 1 x 1073, SNR ~ 80dB
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Video Surveillance Example

» T: number of frames

» N = m X nis the frame resolution

To detect moving objects

i. Form i-th column of D € RVXT by stacking the columns of
i-th frame.

ii. Solve min{|[ X[+ + ISl : [IX +S — D||r < &}

1
v max{N, T}
Suppose there is no noise, i.e. § =0, X +S = D. Then

» i-th column of S is the moving object in the i-th frame

» i-th column of X is the background in the i-th frame

Note that X is a low-rank matrix.
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Noiseless Video
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Videos with Different Noise Levels
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